We re-examine the 1/S-correction to the self-energy of the gapless magnon of a D-dimensional quantum Heisenberg antiferromagnet in a uniform magnetic field h using a hybrid approach between 1/S-expansion and non-linear sigma model, where the Holstein-Primakoff bosons are expressed in terms of Hermitian field operators representing the uniform and the staggered components of the spin-operators [N. Hasselmann and P. Kopietz, Europhys. Lett. 74, 1067 (2006)]. By integrating over the field associated with the uniform spin-fluctuations we obtain the effective action for the staggered spin-fluctuations on the lattice, which contains fluctuations on all length scales and does not have the cutoff ambiguities of the non-linear sigma model. We show that in dimensions D ≤ 3 the magnetic field dependence of the spin-wave velocityc−(h) is non-analytic in h
We re-examine the 1/S-correction to the self-energy of the gapless magnon of a D-dimensional quantum Heisenberg antiferromagnet in a uniform magnetic field h using a hybrid approach between 1/S-expansion and non-linear sigma model, where the Holstein-Primakoff bosons are expressed in terms of Hermitian field operators representing the uniform and the staggered components of the spin-operators [N. Hasselmann and P. Kopietz, Europhys. Lett. 74, 1067 Lett. 74, (2006 ]. By integrating over the field associated with the uniform spin-fluctuations we obtain the effective action for the staggered spin-fluctuations on the lattice, which contains fluctuations on all length scales and does not have the cutoff ambiguities of the non-linear sigma model. We show that in dimensions D ≤ 3 the magnetic field dependence of the spin-wave velocityc−(h) is non-analytic in h 2 , withc−(h)−c−(0) ∝ h 2 ln |h| in D = 3, andc−(h) −c−(0) ∝ |h| in D = 2. The frequency dependent magnon self-energy is found to exhibit an even more singular magnetic field dependence, implying a strong momentum dependence of the quasi-particle residue of the gapless magnon. We also discuss the problem of spontaneous magnon decay and show that in D > 1 dimensions the damping of magnons with momentum k is proportional to |k| 2D−1 if spontaneous magnon decay is kinematically allowed. 
I. INTRODUCTION
One of the most successful methods for obtaining the low-temperature properties of ordered quantum Heisenberg magnets is the expansion in inverse powers of the spin quantum number S. The idea is to first map the spin Hamiltonian onto an interacting boson model using either the Holstein-Primakoff 1 or the Dyson-Maleyev transformation 2, 3 , and then study the resulting interacting boson system by means of the usual many-body machinery. As the interaction vertices appearing in the boson Hamiltonian involve the small parameter of 1/S, the perturbative treatment of the interaction is formally justified for large S. See, for example, Refs. [4, 5] for early applications of this approach to quantum antiferromagnets (QAFM). A disadvantage of this method is that calculations for QAFM beyond the leading order in 1/S are very tedious due to a large number of interaction vertices 5 . Moreover, the vertices are even singular for certain combinations of external momenta 5, 6, 7 . Although the singularities cancel in physical quantities if the total spin is conserved 8 , the appearance of singularities at intermediate stages of the calculation indicates that this approach is not always the best way of calculating fluctuation corrections to the magnon spectrum.
In this work we shall re-consider the leading 1/Scorrection to the magnon self-energy of spin-S quantum Heisenberg antiferromagnets in a uniform magnetic field h at zero temperature in the regime where the system has a finite staggered magnetization. Our starting point is the Heisenberg Hamiltonian
where S i are spin operators normalized such that S 2 i = S(S + 1) and the magnetic field h is measured in units of energy. The exchange integrals J ij connect nearest neighbor sites r i and r j on a D-dimensional hypercubic lattice with lattice spacing a, total volume V = a D N and N sites. As long as |h| is smaller than a certain critical value h c (see Eq. (2.20) below), the spin configuration in the ground state is canted, as shown in Fig. 1 . We choose our coordinate system such that the magnetic field h = he x points along the x-axis and the staggered magnetization M s = M s e z points in z-direction. The magnetic field generates a uniform magnetization M = M e x pointing in the same direction as h, giving via h a gap in the transverse magnon polarized parallel to h, while the magnon polarized perpendicular to h remains gapless.
Due to the canting of the spins, the effective boson Hamiltonian obtained from Eq. (1.1) within the HolsteinPrimakoff transformation contains cubic interaction vertices proportional to S −1/2 . Hence, to obtain the complete 1/S-correction to physical observables, the cubic vertices should be treated in second order perturbation theory. The leading 1/S-corrections to the magnon spectrum turns out to be rather peculiar: Zhitomirsky and Chernyshev 10 have shown that for intermediate magnetic fields in a certain range h * < |h| < h c there are no welldefined magnons in a large part of the Brillouin zone due to spontaneous two-magnon decays. Moreover, Syromyatnikov and Maleyev 11 calculated the 1/S-correction to The hypercubic lattice can be divided into two sublattices, labeled A and B, such that the nearest neighbors of a given site all belong to the other sublattice. The solid square denotes a site of the A-sublattice and a solid circle denotes a site of the B-sublattice. Here ϑ0 is the classical canting angle between the direction of the staggered magnetization Ωi and the local spin directionmi.
the anisotropy induced gap of the magnon polarized parallel to the magnetic field, and showed that in dimensions D ≤ 3 the correction is unexpectedly large. They suggested that meaningful results can only be obtained if the 1/S-expansion is re-summed to all orders, which is of course impossible in practice. Unfortunately, within the conventional 1/S expansion, the expressions for the magnon self-energies (see Refs. [10, 11] ) are quite complicated. For example, from the expression for the magnon self-energy given by Zhitomirsky and Chernyshev 10 (which we reproduce in Appendix B) it is not immediately obvious that one of the magnon branches remains gapless. In this work we shall therefore re-consider this problem using our recently proposed parameterization of the 1/S-expansion in terms of Hermitian field operators 7 . The advantages of such an approach have already been pointed out in Ref. [7] , but the practical usefulness of this method has not been demonstrated. In a sense, our method is a hybrid approach between the 1/S-expansion and the non-linear sigma model (NLSM) approach 9, 12, 13 . Recall that the NLSM is an effective continuum theory for the staggered spin-fluctuations of a QAFM. In contrast to the singular interaction vertices encountered in the conventional 1/S-expansion, the vertices describing interactions between transverse spin-fluctuations in the NLSM are finite in momentum space and all scale as k 2 for h = 0. On the other hand, the NLSM has to be regularized using an ultraviolet cutoff, so that the NLSM approach cannot be used to obtain the numerical value of observables which receive contributions from wave-vectors in the entire Brillouin zone. Our approach combines the advantages of the 1/S-expansion with the those of the NLSM by parameterizing the degrees of freedom in the 1/S-expansion from the beginning in terms of a lattice version of the continuum field representing staggered spin fluctuations in the NLSM.
The rest of this work is organized as follows: After giving a detailed description of our hybrid approach in Sec. II, we derive the effective action for staggered spin fluctuations of our lattice model in Sec. III and exhibit the precise connection with the NLSM, where only the leading orders in the derivatives are retained. In particular, we show how the regular vertices of the NLSM emerge from the conventional 1/S-expansion. In Sec. IV we then use our method to derive expressions for the frequency dependent part of the magnon self-energies which for small magnetic field h determines the dominant hdependence of the magnon dispersions. In Sec. V the selfenergy of the gapless magnon is evaluated; in particular, we show that in dimensions D ≤ 3 the fluctuation corrections to the spin-wave velocity and the quasi-particle residue of the gapless magnon exhibit a non-analytic hdependence. We also discuss the problem of spontaneous magnon decay in general dimensions. After a brief summary of our results in Sec. VI, we give in Appendix A explicit expressions for the quartic interaction vertices associated with two-magnon scattering in our hybrid approach. Finally in Appendix B we show numerically that in D = 2 our result for the magnetic field dependency of the spin-wave velocity of the gapless magnon can also be extracted from the self-energy given by Zhitomirsky and Chernyshev in Ref. [10] .
II. HYBRID APPROACH: COMBINING THE ADVANTAGES OF THE 1/S-EXPANSION WITH THOSE OF THE NLSM

A. Holstein-Primakoff boson Hamiltonian
For completeness, let us briefly recall the general procedure for setting up the 1/S-expansion around a given classical ground-state, characterized by the directionŝ m i = S i /| S i | of the local magnetic moments 14 . Supplementing the unit vectorm i by two additional unit vectors e such that e (1) i , e (2) i ,m i form a righthanded orthogonal triad of unit vectors, and defining the corresponding spherical basis vectors e p i = e (1) i + ipe (2) i , p = ±, we express the components of the spin operator S i in terms of canonical boson operators b i and b † i using
The partĤ ′ of the Hamiltonian describes the coupling between transverse and longitudinal spin fluctuations generated by the uniform magnetic field. Within the Holstein-Primakoff approach, we expand the square roots in Eqs.(2.2b) and (2.2c) in powers of S −1 ,
9a)
The boson representation of the operatorĤ ⊥ can then be written as an infinite series of multiple-boson interactions involving even powers of boson operators, whileĤ ′ becomes an infinite series of terms involving odd powers of boson operators, 11) where the subscripts indicate the number of boson operators. Making the reasonable assumption that the true spin configuration in the ground state resembles the classical one shown in Fig. 1 (but with a renormalized canting angle ϑ), we have
where we have chosen h = he x , and the true canting angle ϑ is related to n and m via n = cos ϑ and m = sin ϑ.
Here ζ i assumes the value +1 on one sublattice (which we call the A-sublattice) and −1 on the other sublattice (the B-sublattice). A convenient choice of the other members of the local triad is
The relevant scalar products in this basis are for nearest neighbor sites i and j,
where we have defined
Then we obtain from Eq. (2.4), 17) and from Eq. (2.5),Ĥ
where
and we have introduced the notation
The alternating factor ζ i in Eq. (2.25) indicates that this term describes Umklapp scattering across the boundary of the antiferromagnetic Brillouin zone. For our purpose it is sufficient to neglect all terms in the expansion of Eq. (2.11) involving five and more boson operators, which amounts to retaining onlyĤ 1 andĤ 3 . With our choice of basis vectors these can be written aŝ
27) 
and for sites r j belonging to the B-sublattice, 
where γ k =J k /J 0 with
To completely diagonalizeĤ 2 we first introduce the symmetric and antisymmetric combinations
and then perform a Bogoliubov transformation,
38a)
Note that
Within linear spin-wave theory δh = 0 and hence Z h = 1, but the factor Z h will deviate from unity if we take higher orders in 1/S into account. Since the above transformations are canonical, our magnon operatorsΨ kσ satisfy the usual bosonic commutation relations,
In terms of the new operatorsΨ kσ the quadratic spinwave HamiltonianĤ 2 is diagonal,
with the magnon dispersions
The constant
is the 1/S-correction to the ground state energy due to longitudinal spin fluctuations. The total 1/S-correction to the ground state energy is obtained by adding the zero-point energy of the transverse spin-waves to E
0 ,
with
In the long-wavelength limit we obtain to linear order in δh = h − h c m and to quadratic order in k,
For small m the spin-wave velocities are
where c 0 is the leading large-S result for spin-wave velocity for h = 0,
At the level of linear spin-wave theory we may approximate the canting angle by its classical value ϑ 0 , which is determined by the condition δh = 0, or equivalently
This result can also be obtained by minimizing the classical energy E cl 0 in Eq. (2.4). The gap of the dispersion E k+ is then simply given by h, while the dispersion E k− is gapless with spin-wave velocity
C. Hermitian field operators
In the usual 1/S-approach one now substitutes the relations between the original Holstein-Primakoff bosons b i and the magnon-operatorsΨ kσ into Eqs. (2.22, 2.24, 2.27, 2.28). This yields rather lengthy expressions involving momentum dependent vertices. However, if one is only interested in the transverse staggered spin fluctuations, it is better perform another transformation which separates the staggered from the uniform spin fluctuations. Therefore we express the magnon operatorsΨ kσ in terms of two Hermitian field operatorsX kσ andP kσ achieving the natural normalization on a lattice as follows 7, 16, 17 ,
where the phase factors p + = −i and p − = 1 are chosen for later convenience. Here the dimensionless factors ν kσ are defined by
Note that Z h = 1 to leading order in 1/S, so that to this order
where α = n 2 − m 2 . In particular, for k → 0 we have z k+ → 1 and z k− → (1 + α)/2 = n 2 . One easily verifies the canonical commutation relations,
The quadratic part of the spin-wave Hamiltonian can then be written aŝ
0 .
(2.59)
In contrast to the lattice normalization of Eq. (2.53) in Ref. [16] we focused on the continuum limit to exhibit the relation with the NLSM. In that case a continuum normalization of the fields is more convenient,
where χ 0 = (2J 0 a D ) −1 is the large-S limit of the uniform transverse susceptibility for h = 0. The continuum fields fulfill the commutation relation
The relation between lattice and continuum normalizations isΠ
Our spin-wave Hamiltonian (2.43) in continuum normalization can be written aŝ
The fieldΠ kσ corresponds precisely to the continuum field representing transverse staggered spin fluctuations in the non-linear sigma model 9 . However, here we would like to calculate also short-wavelength properties on a lattice, so that we shall work with the lattice normalization (2.53).
D. Spin-wave interactions
In order carry out the 1/S-expansion using the operators X kσ and P kσ defined in Eq. (2.53), we should first express the interaction part of the bosonized Hamiltonian in terms of these operators. To obtain the leading 1/S-correction to linear spin-wave theory, it is sufficient to approximate the effective bosonized Hamiltonian bŷ
(2.65)
. Later we shall use the phase space path integral to derive the effective action for staggered fluctuations. All expressions in the Hamiltonian should therefore be symmetrized whenever powers of non-commutating operators are encountered 18, 19, 20 . Only after symmetrization we may replace the field operators by numbers. IfÂ 1Â2 · · ·Â n is a product of operators consisting ofX kσ orP kσ in arbitrary order, the symmetrized product is
where the sum is over all n! permutations of 1, . . . , n. We obtain from Eq. (2.27) for the linear part of the Hamiltonian,Ĥ
The partĤ 3 in Eq. (2.28) can be written aŝ
where the vertices are
Explicitly, the symmetrized products in Eq. (2.68) are 
ExpressingĤ 4 in terms of the operatorsP kσ andX kσ defined in Eq. (2.53) and symmetrizing all expressions containing non-commuting operators we obtain
is a 1/S 2 -correction to the classical ground state energy, and
Finally, the properly symmetrized quartic partĤ ′ 4 of our spin-wave Hamiltonian is given in Appendix A. For our purpose it is only important that the corresponding interaction vertices are non-singular functions of the external momenta and are analytic functions of h 2 .
III. EFFECTIVE ACTION FOR THE STAGGERED SPIN FLUCTUATIONS
In Ref. [7] the precise relation between the magnon quasi-particle operators of the 1/S-expansion and the continuum fields Π kσ representing transverse fluctuations of the staggered magnetization has been established. In this section we shall use this relation to derive the effective action for the staggered spin fluctuations for the Hamiltonian (1.1) retaining sub-leading 1/S-corrections and short wave length fluctuations in the entire Brillouin zone.
For weak magnetic fields, the operatorsP σ correspond to transverse fluctuations of the total spin, whilê X σ describe staggered (antiferromagnetic) spin fluctuations. To calculate the self-energy of antiferromagnetic magnons, we can therefore eliminate the degrees of freedom associated with the generalized momentaP σ . This is most conveniently done using path integration. The appropriate path integral in our case is the imaginary time phase space path integral 18, 19 . Recall that for a one-dimensional quantum mechanical system with position operatorX, momentum operatorP , and HamiltonianĤ(P ,X) the partition function can be written as
1) where H s (P, X) is obtained from the Hamiltonian H(P ,X) by first symmetrizingĤ(P ,X) with respect to the ordering of the operatorsX andP , and then replacing the operators by their eigenvalues. In principle, ambiguities associated with the operator ordering in the phase space path integral can always be resolved by going back to the discretized definition of the path integral 18, 19 . However, recently Gollisch and Wetterich 20, 25 showed that in the continuum notation the symmetrization prescription leads to the same result as the more fundamental discretized definition of the phase space path integral. The Euclidean action corresponding to our spin-wave Hamiltonian is of the form
where S l [P σ , X σ ] contains l powers of the fields. To obtain the effective action S eff [X σ ] for the staggered fluctuations, we integrate over the generalized momenta,
Within the Gaussian approximation (corresponding to linear spin-wave theory) we truncate the expansion (3.2) at the term l = 2. The relevant contributions to S[P σ , X σ ] can be written as
and
where the last term in Eq. (3.6) corresponds to the measure term iP ∂X/∂τ in the phase space functional integral (3.1). The fields P Kσ and X Kσ are defined by replacing the operatorsP kσ andX kσ by quantum fields P kσ (τ ) and X kσ (τ ) depending on imaginary time τ and expanding the fields in frequency space,
We combine momenta k and bosonic Matsubara frequencies iω to form a composite label K = (k, iω). In general the canting angle can be determined from the condition that the functional average of the field P K=0,− vanishes,
Eq. Carrying out the integration, we obtain in Gaussian ap-
At long wavelengths this action has the same form as the corresponding Gaussian part of the action of the NLSM. However, in contrast to the NLSM, our action is defined on the lattice so that fluctuations on all wavelengths are included. The Gaussian propagator of the X σ -field is thus
11) The other propagators are within Gaussian approximation
Here the symbol . . . 0 denotes functional averaging with the Gaussian action S 2 [P σ , X σ ]. Note that the formal sum ω X Kσ P −Kσ 0 represents the expectation value of the symmetric operator {X kσPkσ } 0 = 0, so that we should regularize formally divergent Matsubara sums using a symmetric convergence factor cos(ω0 + ),
(3.14)
The higher 1/S-corrections to S eff [X σ ], can now be obtained by including the spin-wave interactions perturbatively. Therefore we rewrite Eq. (3.3) as 15) where the interaction part S int eff [X σ ] is defined via the following functional average,
The leading correction of relative order 1/S arises from the first order correction due to (2.68) . Note that to order 1/S the difference δh = h−h c m and hence S 1 [P − ] are finite, so that the condition (3.8) for the renormalized canting angle reduces to
Performing the Gaussian averages we obtain to first order in 1/S, 19) with the numerical constant 
The leading correction to the Gaussian approximation for the effective action 22) where the subscript indicates the power of 1/S. The 1/S-correction is
To calculate the Gaussian average in Eq. (3.22) we use the fact that averaging the field P Kσ for fixed X yields
After proper symmetrization of the vertices we obtain 
Actually, the terms cubic in the frequencies which are due to the cubic terms in the P Kσ in Eq. (3.21) can be omitted, because the contribution of these terms to the self-energy of the X-fields is frequency-independent to order 1/S. Since we are only interested in the frequency dependent part of the self-energy, we may thus replace
Graphical representations of the interaction vertices Fig. 2 . At this point we can make contact with the NLSM, which is an effective low-energy theory for staggered spin fluctuations. In the presence of a uniform magnetic field the Euclidean action of the NLSM is 12,13 ,
where the unit vector Ω(τ, r) represents the slowly fluctuating staggered magnetization, ρ s and c are the spin stiffness and the spin-wave velocity at temperature T = 0, and ∂ µ = ∂/∂r µ is the spatial derivative in direction µ = 1, . . . , D. The model (3.30) can be obtained from the corresponding NLSM for h = 0 by substituting ∂ τ → ∂ τ −ih×. Although this procedure does not explicitly take into account the magnetic field dependence of the spin-wave velocity and the spin stiffness, one usually argues that c and ρ s in Eq. (3.30) are effective parameters, implicitly including the effect of the magnetic field. However, this procedure is based on the assumption that in the presence of a magnetic field the magnon dispersions can be characterized by a single spin-wave velocity c(h). From Eqs. (2.49a) and (2.49b) it is clear that this assumption is not justified, because the dispersion of spin-wave mode polarized parallel to the magnetic field involves a different spin-wave velocity than the mode polarized perpendicular to the magnetic field 16 . Apparently, there are no published calculations of the 1/S-corrections to the magnetic field dependence of the spin-wave velocity. In the following section we shall show that in dimensions D ≤ 3 the magnetic field dependence of the spin-wave velocity c − (h) of the gapless magnon mode is non-analytic in h 2 .
To make contact with our spin-wave approach, let us consider the interaction vertex due to the magnetic field in the NLSM. Therefore we rewrite Eq. (3.30) as
where χ = ρ s /c 2 and M = χh. Choosing the coordinate system such that the staggered magnetization points in direction e z and keeping in mind that h = he x , we now set Ω = √ 1 − Π 2 e z +Π and expand Eq. (3.31) in powers of the transverse fluctuations Π. Retaining only terms up to cubic order in the fluctuations Π = Π + e x + Π − e y we obtain in momentum-frequency space, [X σ ] in Eqs. (3.25-3.27 ). However, the NLSM is only valid to leading order in the derivatives, so that for a comparison with Eq. (3.32) we should expand the vertices (3.26) and (3.27) to leading order in momenta and frequencies. Moreover, for small h we may approximate ∆ kσ ≈ h c , so that we obtain
where we have used the fact that ω 1 + ω 2 + ω 3 = 0 by energy conservation. Finally, using the relation (2.62) between continuum and lattice normalization of the field representing the staggered spin fluctuations, it is easy to see that for weak magnetic field the continuum limit of our lattice action S 
IV. FREQUENCY DEPENDENT PART OF THE SELF-ENERGY TO ORDER 1/S
Defining the non-interacting propagators of the staggered spin fluctuations,
and expressing the corresponding interacting propagators in terms of the self-energies Σ σ (K),
the leading frequency dependent contribution to the selfenergy correction of the gapless magnon mode can be written as
while the self-energy of the gapped magnon mode is
where we have used
The corresponding Feynman diagrams are shown in Fig. 3 . The frequency integrations in Eqs. (4.3) and (4.4) can now be performed analytically; the relevant integrals are
, (4.5) where n = 0, 1, 2. Explicitly,
, (4.6a)
, (4.6b)
The result for the self-energies can be written as
RENORMALIZATION OF THE GAPLESS MAGNON A. Spin-wave velocity
We now show that in dimensions D ≤ 3 the leading 1/S-correction to the spin-wave velocityc − (h) of the gapless magnon is non-analytic in h 2 . Therefore we expand for small ω and |k|,
where ω and ω k = c − |k| are assumed to have the same order of magnitude and c − = c 0 n 2 is the spin-wave velocity within linear spin-wave theory, see Eq. (2.52). To calculate the renormalized spin-wave velocity we may neglect in Eq. (5.1) the terms of order ω 4 involving the coefficient f 2 , f 3 and f 4 . Using Eqs. (4.1) and (4.2) we obtain for the infrared behavior of the propagator of the gapless mode
Introducing the dimensionless constants F 0 and F 1 ,
the wave-function renormalization factor Z − can be written as
and the renormalized spin-wave velocityc − obeys
The constants f 0 and f 2 associated with the expansion in powers of frequencies for vanishing external momentum can be obtained by expanding Σ − (k = 0, ω) in powers of ω 2 . Using Eq. (4.7) and Eqs. (4.11a-4.11f) one gets
Using h 2 c λ 2 = 4n 2 h 2 , we obtain for the first two coefficients in the frequency expansion,
Keeping in mind that z q− /z 0− − γ q = O(q 2 ) for small q, it is easy to see that in the domain of small magnetic field (h ≪ h c ) the integrals on the right-hand sides of the equations above are dominated by the first term involving the gapped mode E q+ . More precisely, the relevant ultraviolet cutoff for the momentum integrals in Eqs. (5.7, 5.8) is the inverse of the length scale
In D ≤ 3 the contribution from wave-vectors in the regime |q|ξ 1 gives rise to contributions to the magnon self-energy which are non-analytic in h 2 . Keeping in mind that for small field the magnetic length ξ is large compared with the lattice spacing, we may calculate the leading non-analytic magnetic-field dependent contributions to Eqs. (5.7, 5.8) by expanding the integrand in powers of q.
We find that the leading magnetic field dependence of the spin-wave velocityc − associated with the gapless mode is determined by f 0 . Since we are only interested in the non-analytic h 2 -dependence, we may set n ≈ 1. In the thermodynamic limit we then obtain for the dominant contribution to Eq. (5.7),
Consistently neglecting terms which are analytic in h 2 , we may ignore the magnetic field dependence of the noninteracting spin-wave velocities, c ± ≈ c 0 = 2 √ DJSa, so that energy dispersions are approximated by E q− ≈ c 0 |q| and E q+ ≈ h 2 + c 2 0 q 2 . Using h c = 2 √ Dc 0 /a we obtain from Eq. (5.7) for the corresponding dimensionless coefficient for 1 < D ≤ 3,
where m = h/h c = ha/(2 √ Dc 0 ) is the relevant dimensionless magnetic field [see Eq. (2.51)], and
is the surface area of the D-dimensional unit sphere divided by (2π) D . In D < 3 we may take the limit 1/m → ∞ in α D , so that
In particular, α 2 = 2/π. In D = 3 the integral α 3 depends for small m logarithmically on the upper limit,
(5.15)
It turns out that the coefficient F 1 in front of the k 2 -correction to the self-energy is for small h proportional to h 2 , so that for h ≪ ∆ the dominant magnetic-field dependence of the spin-wave velocity is due to the term F 0 in Eq. (5.5). We thus obtain for the leading magnetic field dependence of the spin-wave velocity of the gapless magnonc
where we have neglected magnetic field independent 1/Scorrections. Recall that within linear spin-wave theory the velocity c − of the gapless magnon is analytic in
We conclude that in dimensions D ≤ 3 the dominant magnetic field dependence of the spin-wave velocity of the gapless magnon is due to spin-wave interactions. In Appendix B we show that the non-analytic dependence on h 2 predicted by Eq. (5.16a) can be recovered numerically from in the expression for the magnon self-energy given by Zhitomirsky and Chernyshev 10 .
B. Quasiparticle residue
In view of the fact that the magnetic field dependence of the spin-wave velocity of the gapless magnon is dominated by spin-wave interactions, it is reasonable to expect that also the higher coefficients in the expansion of the self-energy of the gapless magnon for small wave-vectors and frequencies exhibit some non-analytic dependence on the magnetic field. Consider first the renormalized magnon energiesẼ kσ , which can be defined bỹ
The expansion for small wave-vectors is
It is well known 22 that only if the coefficientÃ − is positive a gapless magnon with momentum k can spontaneously decay into two magnons with momenta q and k − q. Within linear spin-wave theory we obtain from Eqs. (2.39) and (2.44) in D dimensions
Obviously, for m ≪ 1 the coefficient A − (k) is negative for all directionsk, so that to this order in spin-wave theory the gapless magnon cannot spontaneously decay at long wave-lengths. For larger m the coefficient A − (k) decreases and eventually vanishes at a critical m * (k) which depends on the directionk. From Eq. (5.21) it is easy to show that the direction where m * (k) assumes the smallest possible value is given by the diagonalk x = . . . =k D , and that the associated minimum is m * = h * /h c = 2/ √ 7 ≈ 0.76. For the special case D = 2 this result has been obtained previously by Zhitomirsky and Chernyshev 10 , who examined the leading 1/S-correction in the regime h * < h < h c numerically.
Apparently, the leading 1/S-correction in the limit of small magnetic fields m = h/h c ≪ 1 has not been explicitly analyzed in Ref. [10] . In terms of the expansion coefficients introduced in Eq. (5.1) we obtaiñ A − (k) = A − (k) + δA − , where the 1/S-correction is
Let us consider first the contribution from the coefficient f 2 related to the ω 4 -term in the expansion of the selfenergy Σ − (0, iω) for small frequencies. Because for small h the integral defining f 2 in Eq. (5.8) the dominated by wave-vectors |q| h/c 0 , we may approximate
The integral is easily evaluated to leading order for small m ≪ 1. Introducing the dimensionless coefficient
we obtain for D < 3, 26) with the numerical coefficient
In particular, in two dimensions β 2 = 1/(48π). Obviously, for D < 3 the coefficient F 2 diverges for m → 0, so that the contribution from the term f 2 to δA − is for sufficiently small m much larger than the linear spin-wave result (5.21). It turns out, however, that the singular contribution to δA − due to f 2 is exactly canceled by a similar contribution from the coefficient f 3 . In order to extract the dominated contribution to f 3 , it is sufficient to approximate the magnon self-energy (4.7) by
Expanding the right-hand side to second order in k and comparing with Eq. (5.1), we obtain
The integral can easily be carried out analytically with the result
we can also show that the term f 4 is of order a 2 m D−1 /S and can be neglected as compared with f 2 and f 3 . Because δA − involves the combination f 2 − f 3 , we conclude that the singular contributions proportional to m D−3 cancel in δA − , so that the leading magnetic field dependence of
. This is small compared with the linear spin-wave result but non-analytic in h 2 , similar to the leading magnetic field-dependence of the spin-wave velocity in Eqs. (5.16a, 5.16b).
On the other hand, the singular magnetic field dependence appearing in the coefficients f 2 and f 3 does not cancel in the self-energy Σ − (k, ω + i0) off resonance. Retaining only the singular contributions to Eq. (4.7) we obtain with f 2 ≈ f 3
The corresponding renormalized magnon Green function for small m can be written as
where the renormalized spin-wave velocity is given in Eqs. (5.16a,5.16b), and
After analytic continuation to real frequencies we obtain for the renormalized residue of the magnon peak for small m,
in terms of the length scale ξ = c 0 /h associated with the magnetic field we may alternatively write
In particular, in D = 2 the leading momentum dependence of Z k− is proportional to k 2 ξa = k 2 c 0 a/h. The higher powers in k become important for |kξ| 1, so that the expansion (5.34) is limited to the regime |k| ξ
where the 1/S-correction is small compared with unity.
C. Magnon damping
Given the magnon self-energies Σ σ (K) in Eqs. (4.7,4.8) and the renormalized magnon dispersionsẼ kσ , the magnon damping can be obtained from
Zhitomirsky and Chernyshev 10 have shown that in two dimensions one should self-consistently take into account the imaginary part of the magnon self-energy when evaluating the integrals on the right-hand side of Eq. (4.7). However, as long as we are not too close to the critical field h * , the result for the magnon damping is nonsingular even if we ignore the damping of intermediate magnons in Eq. (4.7) . We therefore expect that a simplified version of Eq. (5.35) taking into account only the renormalization of the real part of the magnon dispersion yields a qualitatively correct estimate for the magnon damping away from h * .
To calculate the damping Γ k− of the gapless magnon for wave-vectors |k| ≪ h/c 0 = ξ −1 , it is sufficient to retain in Eq. (4.7) only the terms involving the functions I (n) −− (iω, k, q), because the imaginary part of the functions I (n) ++ (ω + i0, k, q) vanishes for ω < 2h. Using Eq. (4.12) we obtain for ω > 0
Note that in the non-linear sigma model the contribution corresponding to Eq. (5.36) is neglected because the relevant vertex involving three gapless magnons is set equal to zero (see Eq. (3.33)), which is correct to leading order in the derivatives. Hence, the damping of the gapless magnon cannot be obtained using the NLSM. To estimate the magnon damping we set ω =Ẽ k− and approximate the renormalized magnon dispersion bỹ
where for simplicity we have replaced the directiondependent coefficientÃ − (k) defined in Eq. (5.18) by some angular averageĀ − . At long wave-lengths we then obtain
As discussed in the textbook by Lifshitz and Pitaevskii 22 , in the long wave-length limit the energy conservatioñ E k− =Ẽ k−q− +Ẽ q− can only be satisfied forĀ − > 0. From our discussion in Sec. V B (see also Ref. [10] ) we know that this condition is only satisfied in a certain range h * < |h| < h c of magnetic fields below the saturation field. We now restrict ourselves to this regime, without explicitly calculating the magnetic-field dependence of the coefficientĀ − > 0. If h is not very close to the threshold fields h * and h c , we expect by dimensional analysis thatĀ − /a 2 is a number of the order of unity. The energy conservation then implies that the allowed vectors q are almost parallel to the direction of k and satisfy q ≤ k. In fact, it is easy to show that the angle ϑ between k and q is ϑ ≈ 6Ā − (k − q) due to energy conservation so that forĀ − k 2 ≪ 1 we may approximate
Keeping in mind thatĀ − kq ≪ 1 we obtain from Eq. (5.37),
The integrations in Eq. (5.39) are now elementary and we obtain for the damping of magnons with wave-vectors in the regime |k| h/c 0 ≪ a −1 at zero temperature in D dimensions,
.
(5.44)
In two dimensions we have γ 2 = 3/(128 √ 2π) and
The |k| 3 -dependence of the magnon damping has been obtained previously by Zhitomirsky and Chernyshev 10 .
VI. SUMMARY AND CONCLUSIONS
The main result of this work is the discovery that in quantum Heisenberg antiferromagnets subject to a weak uniform external field the leading 1/S-correction to the self-energy of the gapless magnon is a non-analytic function of h 2 in dimensions D ≤ 3. We have explicitly calculated the leading magnetic field dependence of the spin-wave velocity and the momentum-dependent quasiparticle residue of the gapless magnon. At the first sight it is surprising that for quantum antiferromagnets in a uniform magnetic field at zero temperature the dimension D = 3 plays the role of a critical dimension below which fluctuations lead to a non-analytic magnetic field dependence of the magnon spectrum. However, the gapless magnons in our model can be viewed as an interacting Bose gas in the condensed phase 23 , where the Bogoliubov mean-field theory is known 24, 25 to break down in dimensions D ≤ 3.
Finally, let us point out that our hybrid approach between 1/S-expansion and NLSM is a very convenient parameterization of the spin-wave expansion, which should also be useful in other contexts. While the calculations presented here can (with some effort) also be carried out using the conventional parameterization of the 1/Sexpansion, our hybrid approach greatly facilitates the identification of the frequency dependent contributions to the magnon self-energies which give rise to the dominant magnetic field dependent corrections to the magnon spectrum. 
where the symmetrization symbol {. . .} is defined in Eq. (2.66) and we have usedP For convenience we now introduce the short notation γ k1 ≡ γ 1 , γ k2 ≡ γ 2 (and similarly for the other labels) and symmetrize the vertices whenever the interaction is symmetric with respect to the exchange of the field labels. For the vertices involving four fields of the same type we obtain
i .
(A.6)
The vertices involving two pairs of fields of the same type can be written as In this appendix we briefly review the calculation of the 1/S-corrections to the field dependent spin-wave dispersion in two dimensions as obtained within the conventional 1/S-expansion by Zhitomirsky and Chernyshev in Ref. [10] . From the numerical analysis of this expression we quantitatively confirm our result given in Eq. (5.16a) for the linear magnetic field dependence of the spin-wave velocity associated with the gapless magnon. In our notation the expression for the on-shell renormalized magnon energyẼ kσ given in Ref. [10] can be written as where σ = −σ denotes a sign change such that στ = −στ , and the functions Φ 1 and Φ 2 are defined as Φ 1 (k 1 σ 1 , k 2 σ 2 , k 3 σ 3 ) = σ 1 γ 1 (u 1σ1 + σ 1 v 1σ1 )(σ 3 u 2σ2 v 3σ3 + σ 2 u 3σ3 v 2σ2 ) + σ 2 γ 2 (u 2σ2 + σ 2 v 2σ2 )(u 1σ1 u 3σ3 + σ 3 σ 1 v 3σ3 v 1σ1 ) + σ 3 γ 3 (u 3σ3 + σ 3 v 3σ3 )(u 2σ2 u 1σ1 + σ 1 σ 2 v 1σ1 v 2σ2 ) , (B.5) Φ 2 (k 1 σ 1 , k 2 σ 2 , k 3 σ 3 ) = σ 1 γ 1 (u 1σ1 + σ 1 v 1σ1 )(σ 2 u 3σ3 v 2σ2 + σ 3 u 2σ2 v 3σ3 ) + σ 2 γ 2 (u 2σ2 + σ 2 v 2σ2 )(σ 1 u 3σ3 v 1σ1 + σ 3 u 1σ1 v 3σ3 ) + σ 3 γ 3 (u 3σ3 + σ 3 v 3σ3 )(σ 1 u 2σ2 v 1σ1 + σ 2 u 1σ1 v 2σ2 ) . (B.6)
The frequency independent 1/S-contributions to the self-energy are While the self-energy (B.2) can be easily evaluated numerically, it is not very accessible for analytical treatments and the leading small field behavior of the spinwave dispersion is not easily extracted from it. The equivalent expression Eq. (4.7) in the Hermitian field parametrization is more amenable to an analytical investigation of the long wavelength physics. To calculate the self-energy given in Eq. (B.2) we performed a two dimensional integration and used an analytical continuation to real frequencies. Performing a numerical derivative with respect to the momentum k at the point in the Brillouin zone where the dispersion is gapless finally yields the spin-wave velocity. In Fig. 4 we compare the numerically obtained spin-wave velocity of the gapless mode at small fields with the prediction of Eq. (5.16a). At very small fields, the numerical solution indeed confirms the behavior given in Eq. (5.16a). For slightly larger fields, corrections beyond the linear dependence are also visible.
